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The non-local scattering-in and -out integrals of the Enskog equation have reversed displacements 
of colliding particles reflecting that the -in and -out processes are conjugated by the space and time 
inversions. Generalisations of the Enskog equation to Fermi liquid systems are hindered by a request 
of the particle-hole symmetry which contradicts the reversed displacements. We resolve this problem 
with the help of the optical theorem. It is found that space-time and particle-hole symmetry can 
only be fulfilled simultaneously for the Bruckner-type of internal Pauli-blocking while the Feynman- 
Galitskii form allows only for particle-hole symmetry but not for space-time symmetry due to a 
stimulated emission of Bosons. 



I. INTRODUCTION 

The formulation of kinetic theory of dense interacting 
Fermi gases beyond the Boltzmann equation (BE) is an 
ongoing task. For classical hard-sphere gas the main the- 
oretical focus was on the statistical correlations resulting 
in the Enskog equation 0-0. In contrast to the BE, 
the collision integral of the Enskog equation is non-local 
what takes into account that when two hard spheres col- 
lide, their centres are displaced by the sum of their radii. 
The particle scattered out of its free trajectory faces its 
collision partner in front, while the particle scattered in 
the new free trajectory leaves its partner behind. This is 
expressed by the opposite signs of non-local corrections 
in the scattering-out and -in integrals. 

Various generalisations of the Enskog equation towards 
quantum systems [§-[l4| have been developed mostly in 
the last two decades. They offer numerous gradient cor- 
rections to the scattering integral which describe how the 
non-local character of collisions contributes to smooth 
perturbations. With a typical number of gradient cor- 
rections counted in tens, a comparison of the original 
Enskog equation with its generalisations was not possi- 
ble. 

The connection became more clear after Laloe, Nacher 
and Tastevin |l3| recognized that some of obtained gra- 
dient corrections can be recast into effective fields and 
renormalizations of the mass of particles, i.e., these gra- 
dient corrections are linked to the Landau concept of 
quasiparticles. They also show that when the quasipar- 
ticle contributions are separated, all remaining gradient 
contributions are proportional to various derivatives of 
the scattering phase shift. These derivatives have nat- 
ural link to the Wigner collision delay |HJ which also 
describes the non- locality of collisions, although in the 
time not in the space. 

A kinetic equation which combines the non-locality in 
time and space has been derived as the quasi-classical 
asymptotics of non-equilibrium Green's functions |]l6| , |l"7f . 
In |l6| a backward resummation of the gradient expan- 
sion was introduced by which one obtains the scattering 



integral in a form reminding the Enskog equation: the 
gradient corrections are expressed as shifts of arguments 
in the initial (final) condition so that one can see how 
long the collision lasts and how far from each other are 
particles at the beginning (end) of a collision. Of course, 
the hard-sphere gas is a special case to which the theory 
applies. It turns out that the scattering-in is identical 
to the Enskog equation while the displacement of the 
scattering-out does not have the expected opposite sign. 
A careful inspection shows that this sign problem appears 
also within all earlier approaches fsHlifl . 

The sign puzzle has two serious consequences for the 
applicability of the non-local kinetic equation. First, 
the Enskog equation corresponds to classical trajecto- 
ries, therefore it can be numerically studied either with 
the Monte-Carlo simulation or by the so called molec- 
ular dynamics. The kinetic equations derived from the 
quantum statistics cannot be studied with these meth- 
ods. Second, the Enskog equation yields the hydrody- 
namic Chapman-Enskog expansion in a straight and rel- 
atively simple manner Q what allows one to identify the 
thermodynamic properties of the system. The symmetry 
between the scattering-in and -out is a very important 
prerequisite in separation of cancelling and conserving 
quantities. Without this symmetry, one can also derive 
conservation laws plq ], however, an extensive application 
of physically non-transparent identities is necessary. 

In this paper we show how the natural symmetry of 
the Enskog equation can be obtained within the quan- 
tum mechanical approach to the kinetic equation. In the 
next section we introduce the problem of symmetry in a 
naive manner using ad hoc kinetic equations for the Fermi 
liquid. In Section III we show that the non-local correc- 
tions for the Fermi liquid are linked to in-medium effects 
and provide an identity which allows one to achieve the 
Enskog form of non-local corrections. Section IV includes 
conclusions. 
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II. CLASSICAL VERSUS QUANTUM COLLISION 

The problem with sign in the scattering-out follows 
from a difference between the classical and quantum ap- 
proaches to collisions. One has to recognize that a re- 
alistic collision has a finite duration A t and to compare 
these two approaches in the time picture. 



A. Pseudo-classical approach 

The simplest model system on which one can illustrate 
both approaches is a homogeneous gas of particles which 
form short-living molecules, i.e., the system with a dom- 
inant resonant scattering J15J. Its kinetic equation reads 



dfkjt) 
dt 



PF k+p (t) - / Pf k (t)f p (t) 



(1) 



The last term is the scattering-out which describes that 
with the probability P two particles form a molecule and 
thus a particles leaves the state of momentum k. The 
first term on the right hand side corresponds to the decay 
of the molecule into two particles, one of them achieves 
momentum k. The dependence of the distribution of 
molecules F is also covered by the balance equation, 



dF K (t) 
dt 



Pf K . p (t)f p (t) 



F K {t) 



(2) 



The last term describes the decay of molecules with life- 
time At, the first term on the right hand side their for- 
mation. 

The balance equation (||) for molecules is solved by 



F K (t) = / dre-^ / Pf K - P (t-T)f p (t-T) 



J Pf K - P (t - A t )f p (t - A t ). 



(3) 



The second line is the gradient approximation which is 
sufficient for our discussion since all quantum approaches 
to the non-local kinetic equation are restricted to it. Us- 
ing (||) in (|l|) one gets a kinetic equation, 



dfkjt) 
dt 



Pf k _ g (t-At)f p+q (t-A t ) 



Pfk(t)fM 
(4) 



The scattcring-in has a retarded initial condition reflect- 
ing that the molecule lives from t — A t to t. The initial 
condition of the scattering-out is associated with time in- 
stant t, the corresponding molecule thus lives from t to 
t + A t . 

In dense Fermi systems, the final states of collisions 
might be occupied and the collision is then prohibited. 



Let us modify kinetic equation (Q) by ad hoc Pauli block- 
ing factors as introduced by Nordheim, Uehling and Uh- 
lenbeck @|l§ 

= / Pfk-S A t )f p+q (t At) 
x(l-A(t))(l -/„(«)) 
Pfk(t).f P (t) 

x (1 - /*_,(* + A t )) (1 - f p+q (t + A t )) . (5) 

The time arguments of the blocking factors, 1 — /, corre- 
spond to ends of time intervals during which the collision 
happens because the blocking is attributed to the final 
states. 

B. Quantum approach 

One can see that the scattering-out of (||), obtained 
within pseudo-classical assumptions, requires the block- 
ing factor at future time t + A t . The quantum approach, 
however, does not allow to look into future and treats the 
same process differently. 



CLASSICAL 





QUANTUM 



FIG. 1. Scattering-out for classical and quantum concept 
of collisions. 

In the quantum statistics, the scattering-out is de- 
scribed as a collision of two holes, see figure [l| In our 
simple model, two holes form a hole-molecule which also 
lives for A t . When this hole-molecule decays into two 
holes, these holes annihilate particles of corresponding 
momenta. Accordingly, the scattering-out is described 
by the hole-hole interaction during the time interval from 
t — A t to t. An ad hoc kinetic equation corresponding to 
the quantum picture thus reads 



dfkjt) 
dt 



J Pf k - q (t-A t )f p+q (t-A t 
x(l -/*(*)) (l-/ p (t)) 



Pfk(t)f p (t) 
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x (1 - f k _ q (t - A t )) (1 - f P+q (t - A t )) . (6) 

Note that @ differs from its pseudo-classical counter- 
part (|J) by the sign of the non-local correction. This is 
the time-modification of the sign problem found for the 
quantum generalisations of the Enskog equation. 

The above ad hoc implementations, Eq.'s (||) and (||), 
of the non-local corrections reveal a paradox: The space- 
time symmetry and the particle-hole symmetry lead to 
contradictory results. Indeed, equations (g) and (g) are 
different and for a general scattering rate P they corre- 
spond to different thermodynamic properties of the sys- 
tem. 

III. IN-MEDIUM EFFECTS 

To resolve the paradox of symmetries, one has to take 
into account that the scattering rate P itself is a function 
of the occupation, P[f]. This dependence represents an 
internal Pauli blocking of states during collisions, which 
is called in- medium effect in nuclear physics. In a heuris- 
tic manner one can indicate what kind of internal Pauli 
blocking is consistent with the Uehling-Uhlenbeck block- 
ing of final states. 

Since the scattering process lasts over the time interval 
from t — At to t, the mean value of P equals its value at 
the centre time P = P(t — \A t ), see Comparing 
equations (|^) and (j^) we find that the two symmetries 
are consistent if 

J P (t - ±A t ) f k (t)f p (t) 

x (1 -/*_,(*- A t )) (1-/^,(4 -A t )) 

= J p(t+^A t ^f k (t)f p (t) 

x (1 - f k - g (t + A 4 )) (1 - f p+q (t + At)) . (7) 
Within the gradient approximation this condition reads 

/ Pfk.f P (l-fk- q )(l-fk- q ) 

x (^jr + 2 Jt ln[(1 - /fc -« )(1 - /p+ * )] ) = °- (8) 

^From this equation we see that the space-time and 
particle-hole symmetries are consistent when the time de- 
pendence of in-medium effect is given by the Pauli block- 
ing of the Bruckner type, P[(l — /)(1 — /)]. According to 
this type of the Pauli blocking, the internal states of the 
short-living molecule exist only in the unoccupied phase 
space. 

A. Causality 

The retarded scattering-out integral of Enskog type (|5|) 
is peculiar from the point of view of the causality. Since 



the scattering-out process ends at time t + A t , the scat- 
tered particles have to have available final state at this 
time. In other words, to determine whether the collision 
is allowed by the Pauli exclusion principle, one has to 
look into future. In such a way, the Pauli blocking seems 
to bring an anti-casual step. 

In general, the causality of the perturbative expansion 
reflects the tendency of a many-body system to reach 
its equilibrium state. The anti-causal descriptions of the 
whole system is thus impossible because of the dissipa- 
tive processes. Accordingly, we will take the causal ex- 
pansion and the subsequent the particle-hole symmetry 
represented by (^|) as well justified starting point. 

The Enskog-type kinetic equation with the space-time 
symmetry of the scattering integral applies only under 
restrictive assumptions. The first assumption is that 
individual binary collisions are treated as if they were 
isolated from the rest of the system. The dynamics of 
the binary collision is then reversible and the causal and 
anti-causal expansions on the space-time scale of a single 
collision are equivalent. This assumption is met in all 
approaches to the kinetic equation except for the studies 
of the so called collisional broadening. The second as- 
sumption is that the internal Pauli blocking of collisions 
is of the Bruckner type. This point is discussed bellow. 

All methods of the quantum statistics enforce the 
causality using backward propagation of holes instead of 
the forward propagation of particles into future. To link 
the space-time and particle-hole symmetries, we will use 
the optical theorem which allows us to reformulate the 
causal internal propagation during the collision into the 
anti-causal one. 

In the algebraic notation of the double-time Green 
functions p0}-|22[], the causality is reflected by the order 
of operators, 'retarded-correlation-advanced'. The time 
cuts of the retarded and advanced operators restrict all 
time integrals to the past. The anti-causal expansion 
is then characterised by the reversed order, 'advanced- 
correlation-retarded'. Without introducing unnecessary 
details, we can link the causal and anti-causal expansions 
using the identity for the scattering T-matrix, 

T R AT A = t a at r ^ 

This identity represents two forms of the optical theorem, 
ImT = T R AT A and ImT = T A AT R . Their derivations 
are enclosed in Appendix A. 

The retarded/ advanced T-matrix, T R A , describes an 
individual binary process |23| . The two-particle spectral 
function A includes the internal Pauli blocking. In this 
paper we discuss two particular approximations of the 
internal Pauli blocking, the Bruckner approximation, 

A B (t u t 2 ,k,p) « (1 - A)(l - / p ) e -'(^)(*i-*=), (10) 

and the Galitskii-Fcynman approximation, 
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A GF (h,h,k,p) « (1 - f k - f p ) e -i{e k +e P ){H-t,)_ (n) 

For both approximations we will derive kinetic equa- 
tions with the space-time symmetry of the non-local 
scattering integral. We will see that the kinetic equa- 
tion obtained within the Bruckner approximation has 
the pseudo-classical form (||), therefore it can be treated 
with numerical tools based on classical concept of tra- 
jectories. In contrast, the kinetic equation within the 
Galitskii-Feynman approximation includes a non-trivial 
term due to the stimulated emission of Bosons which es- 
sentially complicates its numerical treatment. 



B. Collision integral from Green functions 

Let us first remind how the non-local scattering in- 
tegrals relate to more general relations of the quantum 
statistics. We demonstrate it on the method of non- 
equilibrium Green's functions. The scattering- in and 
-out integrals result from anti-commutators, {., .}, of the 
Kadanoff and Baym (KB) equation pl-pl 



{G > ,S < }-{G < ,E > } = {G>,G> oT H (G < G < )T A } 
- {G<,G< oT H (G > G > )T A } . 

(12) 

Here, G < and G > are particle and hole correlation func- 
tions, the o denotes that G >y< closes one loop of the two- 
particle function on its right hand side. The T-matrices 
and pairs of single-particle correlation functions, (GG), 
obey standard two-particle operator products. 

With respect to our treatment, it is sufficient to 
know that the particle correlation functions are propor- 
tional to the quasiparticle distribution, G < (t\,t2,k) w 
/fce _l£fc (* 1_ * 2 * ) , therefore they represent the initial states 
of collisions. Similarly, the hole correlation functions 
are proportional to the hole distribution, G > (ti,t2,k) w 
(1 — /fc)e _lefc (* 1_t2 ), therefore they describe the final states 
including their Pauli blocking. 

According to initial and final states, the first and sec- 
ond terms of the right hand side of |l|) can be interpreted 
as the scattering-in and -out integrals, respectively. Note 
that both scattering integrals are causal having order 
'retarded-correlation-advanced' of the two-particle func- 
tions. In the same time, the scattering-in and -out in- 
tegrals are linked via the particle-hole symmetry. One 
can see that upon the interchange of particles and holes, 
>< — ►<, the first term changes to the second one and 



vice versa. Equation (12) is thus a precursor of 



Using the (extended) quasiparticle and quasi-classical 
approximations keeping gradients in the scattering inte- 
gral of the KB equation, one obtains a non-local kinetic 
equation 16 1, 



J P- / 3 -/ 4 -(l -f x )(l-f-) 

p- (i-/ 3 -)(i-/r)/i/ 2 ~ as) 



Algebraic operations needed to arrive at (J13J) are rather 
extensive due to numerous gradient contributions to the 
scattering integrals. These gradient contributions are ex- 
pressed via shifts of arguments as 

fi = f(k,r,t) 
/ 2 - = /(p,r-A 2) f) 
/ 3 - = f{k-q-A K ,r-A 3 ,t-A t ) 
fl = f{p+q-A K ,r-A A ,t-A t ). (14) 

The differential cross section is proportional to the square 
of the amplitude of the T-matrix 

p = jSrWr 2nS (ei + 62 e * - 64 - 2Ae) 

T\ei + e 2 -A E ,k —,p — ,q,r-A r ,t- — 

(15) 

Arguments of quasiparticle energies, e's, are iden- 
tical with (|l4|). All non-local corrections are 
given by derivatives of the scattering phase shift 
c/> = ImlnT fl (ft,fc,p, g ,i,r) @, 



At = 
A 2 = 



Ae = 



1 



an' 2df 

d(j) d(j) d(j) 
dp dq dk ' 



A K = 



2d^' 



A, = 



dk dq 



dk' 
(16) 



dfi dei dfx _ dei dfi 
dt dk dr dr dk 



A detail understanding of these numerous corrections 
to the scattering integral of the Boltzmann equation is 
not essential for our discussion. It is important to re- 
alize that the collision is of finite duration A t . During 
this time particles can gain momentum and energy, Ak,e 
due to the medium effect on the collision. Three displace- 
ments A2.34 correspond to initial and final positions of 
two colliding particles/holes. 

The quasiparticle kinetic equation ( |l3| ) covers three in- 
gredients of the kinetic theory. First, the scattering inte- 
gral includes medium effect on the scattering rate. Sec- 
ond, the scattering integrals are non-local in space and 
time. Third, the quasiparticle energy represents the mo- 
mentum dependent mean field. With respect to included 
non-local corrections, it is important that the quasiparti- 
cle energy is defined from the pole of the propagator, not 
from the variation of the energy density. This difference 
has been discussed in p7y . The scattering-out of ( |l3| ) is 
the particle-hole mirror of the scattering-in, accordingly 
it is not the space-time mirror found in the Enskog equa- 
tion. 
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C. Anti-causal collision integral 

Our aim is to rearrange (|l3|) so that it will include the 
scattering-out as the space-time mirror of the scattering- 
in, briefly, it will be the symmetry assumed by Enskog. 
It is advantageous to make this step already on the level 
of Green's functions. Accordingly, we rearrange (|l2|) so 
that its scattering-out part is written in terms of the anti- 
causal expansion. 

Further progress depends on the approximation of the 
T-matrix. Let us first approximate the T-matrix by 
Bruckner's reaction matrix for which the two-particle 
spectral function is Ab = (G > G > ). Formula ( [To| ) is the 
quasiparticle approximation of (G > G > ). Using identity 
(0) in the second term of ( |l2| ) one finds 

{G > ,S < }-{G < ,E > } = {G > ,G > oT R (G < G < )T A } 
- {G < ,G < oT A (G > G > )T R } . 

(17) 



correspond to transformation from one place 



Expression (17) has the desired explicit space-time 
symmetry in contrary to explicit particle-hole symmetry 
of (|lj). To see it in detail, we use (|l7|) in the KB equa- 
tion and employ the same steps as above (quasi-classical 
and quasiparticle approximations) to arrive at 



dfx 
dt 



deidfi 
dk dr 



deidfi 
dr dk 



i , -/ 3 -7r(Wi)(i-/ 2 -) 
p+ (i-/^)(i-/^)/i/ 2 + . 



(18) 



The shifts in the scattering-out have opposite signs, 
f+ = f(p,r+A 2 ,t) 



12 

f + 



f{k-q+A Kl r+A 3 ,t+A t ) 
/+ = f( P +q+A K ,r+A 4 ,t+A t ), 



(19) 



and similarly other ingredients denoted by superscript +. 

It can be indicated why the change of the causal pic- 
ture into the anti-causal one results in the flipped signs 
of all non-local corrections. First, one can use a formal 
argument. Writing the T-matrices as products of the am- 
plitude and the phase, T R = |T|e^ and T A = |T|e"^, 
one can see that the interchange of retarded and ad- 
vanced T-matrices merely flips the sign of the phase shift 
<j>. As all A's depend linearly on cf>, the gradient contribu- 
tions of the anti-causal scattering-out have signs reversed 
with respect to the causal scattering-in. Second, there is 
a physical reason for the formal argument above. The 
amplitude of T-matrix represents a filter which selects a 
probability of individual channels. The factor of phase 
shift, e 1 ^, is a unitary transformation which applies to 
individual components of the wave function in a man- 
ner which parallels the evolution operator. Products like 



to another, while e 



. e l * to the backward one. 



For the system of classical hard spheres, kinetic equa- 
tion (U|) reduces to the Enskog equation in the second 
order virial approximation. This limit includes three sim- 
plifications. First, the Pauli blocking factors vanish in 
the classical limit, 1 — / — » 1. Second, the quasiparti- 
cle energy reduces to the kinetic energy of free particles, 

,2 

ei — > For this limit it is important that the quasipar- 
ticle energy is defined from the pole of the propagator. 
Landau's definition of e based on the variation of the 
energy density yields a non-trivial quasiparticle energy 
even for the classical gas of hard spheres. Third, from 
the hard-sphere scattering phase shift, (f> — > ir — \q\D, 
where D is a diameter of colliding particles, one finds ex- 
pected values of A's. The collision delay is zero, A t — > 0, 
there is no energy/momentum gain, Ae.k ~> 0, during 
collision none of particles move in space, A3 = and 
A4 = A2. The displacement of particles at the instant of 
collision is A 2j 4 = D. 

To summarise this chapter, we have shown that the 
space-time and the particle-hole symmetric forms of the 
non-local Boltzmann equation are equivalent if the scat- 
tering rate includes the in-medium effect on the level of 
the Bruckner reaction matrix. 



D. Comments on the Galitskii-Feynman T-matrix 

The Bruckner approximation of the scattering rate 
has been quite common in earlier microscopic studies of 
the heavy ion reactions. Recently, most studies prefers 
the Galitskii-Feynman approximation 25 2q] for which 



the Pauli blocking of the internal states is controlled by 
the two-particle spectral function, Agf — (G > G > ) — 
(G < G < ). Formula ( pi] ) is the quasiparticle approxima- 
tion of Ag f ■ 

As mentioned, the Galitskii-Feynman approximation 
includes processes which go beyond the scope of naive 
kinetic equations. While terms cx (G > G > ) exclude cor- 
relation in the occupied phase space, terms cx (G < G < ) 
describe stimulated correlation by already existing pairs. 
These processes lead to the superconducting phase tran- 
sition at low temperatures, therefore the system cannot 
be treated as a sum of single-particle excitations on the 
Fermi liquid ground state. Kinetic equations (|5|) and (||) 
are based on the idea of the simple Fermi liquid and do 
not include the stimulated processes. 

Even with the stimulated processes included, the ki- 
netic equation can be rearranged into the space-time 
symmetric form. Again, we make the rearrangement on 
the level of the Green functions. Scattering integrals ( p^ ) 
can be written so that their final states are consistent 
with the Galitskii-Feynman spectral function, 

{G > ,E < }-{G < ,E > }= {G>,G> oT R (G < G < )T A ) 
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- {G<,G< oT R (G < G < )T A } 
-{G<,G< oT R ((G > G > ) - (G < G < ))T A ). 

(20) 

The last term includes the Galitskii-Feynman two- 
particle spectral function and can be converted into the 
anti-causal picture. The causal/anti-causal forms of the 
resulting kinetic equation reads, 

dfi dei dfi _ da dfi 
dt dk dr dr dk 

- / P T (l-/ 3 T -/4 T )/i/ 2 T - (21) 

The particle-hole symmetric form (with superscripts 
— ) can be recast into @ by a subtraction of stimulated 
processes, oc f^f^fif^ on both sides. In contrast, the 
space-time symmetric form (with superscripts +) cannot 
be recast to intuitive form (^|) due to gradient contribu- 
tions of stimulated processes, oc f$ f£ fif% . It is a pity, 
since the space-time symmetry is obligatory for numerical 
treatments based on the Monte-Carlo simulations. Equa- 
tion ( piT| ) is not suited for the Monte-Carlo treatment be- 
cause its scattering integrals can change their sign loosing 
their probabilistic interpretation. The Galitskii-Feynman 
type of kinetic equation ( |2l] ) thus provides a more pre- 
cise description of the system, but on cost of serious in- 
crease of difficulties of its numerical treatment. Because 
of these numerical problems, we discuss an implementa- 
tion of symmetries only for the Bruckner approximation. 

E. Implementation of the symmetry in simulations 

Equivalency of both forms of kinetic equation, ( [l3|) and 
( |l8| ) , offers an important simplification of the numerical 
treatment. Expanding the scattering-out to the linear 
terms, one finds that amplitudes of anti-causal and causal 
corrections equal while signs are opposite. Since both 
forms are equivalent, the sum of gradient corrections to 
the scattering-out vanishes. 

For highly inhomogeneous and/or fast evolving sys- 
tems, like the nuclear matter in a heavy ion reaction, 
the Monte-Carlo simulation procedure spends a major- 
ity of the CPU time searching when and where a colli- 
sion should be generated. Due to cancellation of gradient 
corrections to the scattering-out integral, this part of the 
simulation procedure remains the same as in the local ap- 
proximation. All non-local corrections are included only 
after the collision event is selected. This scheme has been 
used in @. 



IV. CONCLUSIONS 

We have shown that the space-time symmetry of the 
non-local scattering integral becomes non-trivial if the 
Pauli exclusion principle has to be accounted for. Within 
the pseudo-classical form of the Pauli blocking repre- 
sented by the hole distributions as introduced by Nord- 
heim, Uehling and Uhlenbeck, the space-time symme- 
try and the particle-hole symmetry are consistent only if 
the scattering cross section includes in-medium effects of 
Bruckner type. Due their classical form, these non-local 
corrections are easily implemented into the Monte-Carlo 
simulations. 

The more sophisticated approximation of Galitskii and 
Feynman includes the stimulated creation of the collid- 
ing pair. This process escapes the pseudo-classical inter- 
pretation of the scattering process what makes its imple- 
mentation within the traditional Monte-Carlo simulation 
schemes impossible. 
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APPENDIX A: OPTICAL THEOREM 

Identity (JoJ) represents two alternative expressions of 
the anti-hermitian part of the T-matrix, 

M = ImT = i(T R -T A ). (Al) 

We derive this identity know as the optical theorem from 
the ladder approximation, which is the approximation 
used in the scattering integrals of the discussed kinetic 
equation. 

The ladder approximation in the differential form 
reads, 

T R?A = V-G R > A . (A2) 

Here, Q R ' A are the two-particle propagators given by the 
time cut of the spectral function A = i{Q R — Q A ). /,From 
(|A|) follows 

i(Tn 1 -TX 1 )=-A. (A3) 
Multiplying jAl| ) by T^ 1 one finds 

T^M = i - iT^Ta. (A4) 
Finally, we express T^ 1 from ([A3]), 

T^ x =T^+iA, (A5) 



G 



so that (A4) turns into the familiar optical theorem 

M = T R AT A . (A6) 

To obtain a less fami liar anti-causal form of the optical 
theorem, we multiply (^l|) by T^ 1 fr om the right hand 
side, 



MT^ = i-iT A TZ\ 



Now we substitute (A.5) into (A7) what yields 



M = T A AT R . 



(A7) 



(A8) 
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